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Abstract
The advent of helioseismology has determined in detail the average rotation rate of the Sun as a function of radius and latitude.
These data immediately reveal two striking boundary layers of shear in the solar convection zone (CZ): a tachocline at the base,
where the dierential rotation of the CZ transitions to solid-body rotation in the radiative zone, and a 35-Mm-thick near-surface
shear layer (NSSL) at the top, where the rotation rate slows by about 5% with increasing radius. Though asteroseismology
cannot probe the dierential rotation of distant stars to the same level of detail that helioseismology can achieve for the Sun, it
is possible that many cool stars with outer convective envelopes possess similar dierential rotation characteristics, including
both a tachocline and a NSSL. Here we present the results of 3D global hydrodynamic simulations of spherical-shell convection
for a Sun-like star at dierent levels of density contrast across the shell. The simulations with high stratication possess
characteristics of near-surface shear, especially at low latitudes. We discuss in detail the dynamical balance of torques giving
rise to the NSSL in our models and interpret what these balances imply for the real Sun. We further discuss the dynamical
causes that may serve to wipe out near-surface shear at high latitudes, and conclude by oering some theories as to how this
problem might be tackled in future work.
1 Introduction
Helioseismology has revealed the average rotation rate of
the Sun’s interior to great accuracy. These data indicate two
striking boundary layers of shear in the solar convection
zone (CZ). In the tachocline at the base of the CZ, there is
a sharp transition between dierential rotation (fast equator,
slow poles) to solid-body rotation in the radiative zone. At
the top of the CZ, there is a 35-Mm-thick near-surface shear
layer (NSSL), in which the average rotation rate of the plasma
slows by about 5% with increasing radius.
Foukal & Jokipii (1975) postulate that the NSSL arises from
fast, small-scale, rotationally-unconstrained uid parcels
conserving angular momentum in their radial motion just
underneath the photosphere. This process, they argue,
tends to homogenize angular momentum in the Sun’s near-
surface layers and thus creates a negative radial gradient in
the rotation rate. Previous numerical simulations of rotat-
ing, global, spherical-shell convection have conrmed that
a near-surface layer of rotationally-unconstrained ows can
be generated in models with high enough density contrast
across the shell (e.g., Gastine et al. 2013; Guerrero et al. 2013;
Hotta et al. 2015). In particular, Hotta et al. (2015) nd that
strong shear in their model forms at low latitudes, with weak
shear at high latitudes.
Here we simulate global, spherical-shell, hydrodynamic
convection with a range of density contrasts across the
layer. We present results from two models—one with con-
trast exp(3) ≈ 20 and one with contrast exp(5) ≈ 150. We
henceforth refer to these models as N3 and N5, respectively.
For both cases N3 and N5, we have determined the average
torque balance in detail and explain how these torques are
created. We nd, similar to Hotta et al. (2015), that small-
scale, fast ows near the outer surface deplete angular mo-
mentum from the near-surface layers. However, this is insuf-
cient to create substantial shear, especially at high latitudes.
We discuss this result in the context of the global meridional
circulation, which is the mechanism that tends to wipe out
shear at high latitudes in our simulations.
2 Numerical Experiment
We use the 3D, open-source, MHD code Rayleigh 0.9.1
(Featherstone & Hindman, 2016; Matsui et al., 2016; Feath-
erstone, 2018), published under the GPL3 license. Rayleigh
solves the fully nonlinear equations of viscous hydrodynam-
ics in rotating spherical shells under the anelastic spheri-
cal harmonic approach (e.g., Clune et al. 1999). All mod-
els rotate at roughly three times the solar Carrington rate
(Ω0 = 7.8×10−6 rad s−1) and have a solar luminosity driven
through the shell via a xed, spherically symmetric internal
heating prole. We use a spherically symmetric, temporally
steady, adiabatic reference state for the background thermo-
dynamic stratication (the same as described in Jones et al.
2011). Our spherical shell has inner radius ri = 5× 1010 cm
and outer radius ro = 6.586 × 1010 cm, corresponding to
the lower three density scale heights of the solar convection
zone (we do not change the shell depth between cases N3 and
N5).
Explicitly, Rayleigh solves the following equations repre-
senting mass, momentum and energy conservation:
∇ · (ρv) = 0, (1)
ρ
[
∂v
∂t
+ (v · ∇)v
]
= −2ρΩ0 × v
−ρ∇
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P
ρ
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− ρS
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g +∇ ·D (2)
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Figure 1: (a) and (b): Mollweide projections of vertical velocity vr on full spheres near the outer surface (r/ro = 0.988) for
cases N3 and N5, respectively. Upows (vr > 0) are shown in red and downows (vr < 0) are shown in blue. In panel (b), the
colorbar is binormalized to show the asymmetry in the upow- and downow-speeds in case N5.
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Figure 2: Radial prole of the Rossby number dened in
Equation 4 for cases N3 and N5. The vertical lines show the
depth midway through the shell and the near-surface depth
of the global ows shown in Figure 1. The horizontal line
shows the critical value of the Rossby number Ro = 1.
and
ρT
[
∂S
∂t
+ v · ∇S
]
= ∇ · [κρT∇S]
+2ρν
[
eijeij − 1
3
(∇ · v)2
]
+Q, (3)
respectively. Here v = vreˆr+vθeˆθ+vφeˆφ is the uid veloc-
ity in the rotating frame, Ω0 = Ω0eˆz is the vector angular
velocity, cp = 3.5 × 108 erg K−1 g−1 is the specic heat
at constant pressure and g is the local gravitational accel-
eration due to a solar mass M at the origin. The kinematic
viscosity ν and thermometric conductivity κ are chosen to be
constants in space, equal to 2× 1012 cm2 s−1. These values
are several orders of magnitude greater than the molecular
diusivities in the Sun and represent the eects of sub-grid
turbulent motions that computationally cannot be resolved.
We denote the pressure, density, temperature and entropy
by P , ρ, T and S, respectively. We use overbars on the ther-
modynamic variables to denote the xed reference state and
the lack of overbars to denote deviations from the reference
state. The standard Newtonian viscous stress tensor and rate-
of-strain tensor are denoted by D and eij , respectively. For
repeated indices, the standard regular convention is used.
3 Flow Structure
In Figure 1 we show the radial velocity just below the outer
surface for case N3 (low density contrast) and case N5 (high
density contrast). For case N3, ow structures are oriented
parallel to the rotation axis at low latitudes, while for case N5,
the ows are rapid and isotropic, relatively uninuenced by
the rotation. The columnar sites of upows and downows in
case N3 correspond to adjacent rolls of uid aligned with the
rotation axis called Busse columns (Busse 2002). Because of
their curvature with latitude, they are also known as banana
cells in the literature.
To quantify the lack of rotational constraint in the highly
stratied case N5, we dene a Rossby number based on the
convective ow speeds to be the ratio of rotation period to
convective overturning time. The radial prole of the Rossby
number can be written
Ro(r) ≡ v
′(r)
2Ω0Hρ(r)
. (4)
Here we have taken the typical convective length scale to be
the local density scale height, Hρ(r) ≡ −1/(d ln ρ/dr). We
dene the convective velocity to be v′ ≡ v− 〈v〉 (the full ve-
locity with the zonally averaged component subtracted out)
and the typical convective speed v′(r) to be the rms ampli-
tude of the convective velocity averaged over a spherical sur-
face of radius r.
We plot the radial prole of the Rossby number for cases
N3 and N5 in Figure 2. In the deep layers, where Ro < 1, the
level of rotational constraint is high and roughly equal for
both cases N3 and N5. Near the outer surface, on the other
hand, case N3 is rotationally constrained (Ro < 1), but case
N5 is rotationally unconstrained. In Figure 1, this manifests
as the fast, small-scale uid motions (especially those of the
downows) present in case N5 near the outer surface.
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Figure 3: (a) and (b) show the temporally and zonally av-
eraged angular velocity for cases N3 and N5, respectively.
The angular velocity is computed in the rotating frame, so
that red tones (positive values) indicate prograde rotation
and blue tones (negative values) indicate retrograde rotation.
In each panel, 15 contours evenly divide the range of angular
velocity indicated by the colorbar.
4 Dierential Rotation
In Figure 3, we show the average prole of rotation rate in
the meridional plane for cases N3 and N5. While the rotation
rate in case N3 increases monotonically with distance from
the rotation axis, case N5 exhibits some interesting features
reminiscent of near-surface shear. The most prominent of
these is a dimple in the rotation rate. At low latitudes near
the outer surface, the rotation rate decreases with radius by
about 3%. The eect is slightly weaker in magnitude com-
pared to the near-surface shear in the Sun, which is charac-
terized by a roughly 5% decrease in rotation rate near the top
of the CZ.
At high latitudes, there are some signs of shear as well,
although the overall eect is much weaker than it is near
the equator, with a reduction in angular velocity with ra-
dius of only 0.5%. Furthermore, the shear has both a neg-
ative and positive radial gradient, with a small rise in rota-
tion rate (as radius increases), followed by a stronger dip and
then a rise again up to the outer boundary. The prole as
a whole is similar to that of Hotta et al. (2015). The dimple,
on the other hand, is a a robust feature seen in many simu-
lations (e.g., Brun & Toomre 2002; Brandenburg 2007; Guer-
rero et al. 2013). We now seek to understand the features of
near-surface shear in case N5 as the dynamical consequence
of two types of ow structures: Busse columns and downow
Figure 4: Vertical velocity vr on the equatorial plane for case
N3. Upows are shown in red and downows in blue. The
velocity has been divided by vertical speed’s rms amplitude
at each radius, and the colorbar has been binormalized to
show the greater speeds of the downows compared to the
upows. The view is from the North pole, with φ-coordinate
increasing in the anticlockwise direction.
plumes.
5 Busse Columns and Downow Plumes
Busse columns are convectively-driven, nonlinear, Rossby
waves that appear when the rotational constraint is large (Ro
< 1). The Busse-column structure is best seen by examining
equatorial cross-sectional cuts of the ow velocity. In Fig-
ure 4, we show the radial velocity on an equatorial slice for
case N3 (although Busse columns are also present in case N5,
their structure is more clear in case N3). It is clear that the
columns have equatorial cross-sections that are tilted such
that the top parts are positioned prograde relative to the bot-
tom parts. The orientation of the tilt means that upows tend
to move prograde relative to the background ow and down-
ows move retrograde, with the net eect that angular mo-
mentum is transported outward, increasing the uid rotation
rate far from the rotation axis.
The Busse columns thus create a solar-like dierential rota-
tion, with an equator (which is farther from the rotation axis)
rotating faster than the poles (which are closer to the rota-
tion axis). This eect is clearly illustrated in Figure 3a, where
the rotation rate in case N3 is roughly constant on cylinders
and increases away from the rotation axis. In case N5, this
phenomenon is still seen, but is disrupted close to the outer
surface where the Rossby number is high.
In our models, the high-Rossby-number layer in case N5
comes primarily from the downows. The slow, broad up-
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Figure 5: Magnied view of the 40◦ × 40◦ rectangular patch
of vertical velocity delineated by the dashed box in Figure 1b.
Panels (a)–(d) show the same patch at successively deeper
layers, evenly spaced between the near-surface layer of Fig-
ure 1 and mid-depth. The colorbar’s saturation values (in
m/s) are shown to the right of each panel. The small black
circles trace several downow plumes in depth, labeled in
panel (a) by capital letters A–F. The near-surface plume lo-
cations and labels are shown in gray in later panels.
ows have lower Rossby number and are rotationally con-
strained. When the fastest downow structures are traced
downward to the deeper layers, we see that they are not en-
trained in the surrounding columnar structures and instead
are in the form of intense regions of downow with nar-
row cross-section, which we call plumes. The radial struc-
ture of the downow plumes is illustrated in Figure 5, where
we have magnied a patch of ow close to the equator and
followed it radially inward. The upper end of each plume is
at a location where a North-West downow lane crosses an
East-West downow lane. As the depth increases, the plume
speeds intensify and the plume itself breaks away from the
parent downow lane in which it is embedded close to the
outer surface. The plumes form at all latitudes, and penetrate
about halfway through the layer.
The steady-state dierential rotation can be understood in
terms of the time-averaged torque balance in the meridional
plane. There are three torques that can operate: advection of
average angular momentum by the meridional circulation,
turbulent ux of angular momentum from velocity correla-
tions (Reynolds stress) and viscous transport of angular mo-
mentum. Explicitly, the temporally steady balance of torques
in the meridional plane (e.g., Elliot et al. 2000; Brun & Toomre
2002; Miesch & Hindman 2011) is given by
τrs + τmc + τv ≡ 0, (5)
Figure 6: Temporally and zonally averaged torque balance in
the meridional plane for case N5. The torque densities due to
the Reynolds stress, meridional circulation and viscosity are
shown in overlapping plots from left to right. Red tones indi-
cate positive torque and blue tones indicate negative torque.
where
τrs ≡ −∇ · [ρr sin θ〈v′φv′m〉]
τmc ≡ −〈ρvm〉 · ∇L
and τv ≡ ∇ · [ρνr2 sin2 θ∇Ω]. (6)
Here vm ≡ vreˆr + vθeˆθ is the meridional part of the uid
velocity andL ≡ r sin θ(Ω0r sin θ+〈vφ〉) = Ωr2 sin2 θ is the
uid’s specic angular momentum in the non-rotating lab
frame. The angular brackets indicate a combined temporal
and zonal average and the primes indicate deviations from
this average.
6 Torque Balance
In Figure 6, we show the temporally and zonally averaged
torque balance in the meridional plane for case N5. At low
latitudes, the Reynolds-stress torque is balanced by the vis-
cous torque, whereas at high latitudes, the Reynolds-stress
torque is balanced by the meridional-circulation torque.
The prominent near-surface shear at low latitudes in case
N5 can be seen as a direct result of the thin layer of negative
Reynolds-stress torque near the outer boundary. This neg-
ative Reynolds-stress torque extends to all latitudes and, in
fact, has a greater magnitude at high latitudes. This is in jux-
taposition to the near-surface shear in case N5, which is very
weak at high latitudes.
At high latitudes, Figure 6 shows that the balance is pri-
marily between the Reynolds stress and meridional circula-
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tion. From Equation 5, this implies −τmc = τrs. Alterna-
tively, using Equation 6, we nd
ρ〈vm〉 · ∇(Ωr2 sin2 θ) = τrs. (7)
The Reynolds stress seeks to create near-surface shear at
high latitudes in our simulations via the thin band of negative
τrs near the outer surface. For a relatively featureless merid-
ional circulation cell (i.e., one with little radial variation in
the meridional ow), a negative τrs would drive near-surface
shear by creating a negative radial gradient in Ω through
Equation 7. However, it is apparent from Figure 6 that the
meridional circulation is conned to a thin band of poleward
ow near the outer surface—exactly canceling the negative
τrs with no need for a gradient in Ω.
In the Sun, there is very little variation in the meridional
ow with radius (e.g., Giles et al. 1997; Zhao & Kosovichev
2004; Hathaway 2012; Chen & Zhao 2017; Mandal et al.
2018). Thus, the negative Reynolds-stress torque due to the
rotationally unconstrained layer hypothesized by Foukal &
Jokipii (1975) may indeed induce the signicant high-latitude
shear observed in the Sun. However, it is currently unclear
how the meridional circulation in the Sun (or in our case
N5, for that matter) is dynamically established. Future work
must therefore address in detail the dynamical balance of the
meridional circulation achieved in simulations and compare
it to the observational deductions from helioseismology.
7 Conclusions
We have performed global, 3D simulations of rotating,
spherical-shell convection in order to ascertain the role that
the high density contrast across the solar CZ has in main-
taining near-surface shear. We have compared one model
with low stratication (case N3) and one model with high
stratication (case N5) and examined in detail the dieren-
tial rotation and torque balance established. We have found
that:
1. Our case N5 possesses a region of rotationally uncon-
strained fast downows near the outer surface that
transport angular momentum radially inward.
2. In case N5, the inward transport of angular momentum
by the Reynolds stress is balanced by viscous torque at
low latitudes and meridional-circulation torque at high
latitudes. There is correspondingly substantial shear at
low latitudes (though about twofold smaller than that
in the Sun) but only very weak shear at high latitudes.
3. The absence of substantial high-latitude shear in case
N5 is due to the presence of a narrow band of poleward
ow in the near-surface layers. This almost completely
balances the high-latitude Reynolds-stress torque with-
out the torque forcing a radial gradient in the rotation
rate.
In conclusion, we have determined that the local transport
of angular momentum inward by rotationally unconstrained
uid parcels is insucient to drive near-surface shear at high
latitudes without the presence of a solar-like meridional cir-
culation prole. A more detailed account of this result has
been submitted to the Astrophysical Journal (Matilsky et al.,
2018). The interplay between meridional circulation and dif-
ferential rotation makes the NSSL a fundamentally global
problem, requiring numerical simulations in full 3D spher-
ical shells. Future work must address exactly how merid-
ional circulation is dynamically maintained in spherical-shell
convection models and ascertain why these proles are not
solar-like.
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